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Scaling behaviour of dynamically driven vortex avalanches in superconducting YBa2Cu3O7−δ films
deposited on tilted crystalline substrates has been observed using quantitative magneto-optical
imaging. Two films with different tilt angles are characterized by the probability distributions of
avalanche size in terms of the number of moving vortices. It is found in both samples that these
distributions follow power-laws over up to three decades, and have exponents ranging between 1.0
and 1.4. The distributions also show clear finite-size scaling, when the system size is defined by
the depth of the flux penetration front – a signature of self-organized criticality. A scaling relation
between the avalanche size exponent and the fractal dimension, previously derived theoretically from
conservation of the number of magnetic vortices in the stationary state and shown in numerical
simulations [30], is here shown to be satisfied also experimentally.
I. INTRODUCTION
Avalanche behaviour is found in a wide range of natural
systems, and is commonly observed, e.g., as abrupt dis-
placement in granular media, earthquakes, Barkhausen
noise caused by sudden motion of magnetic domain walls
in ferromagnetic materials, and abrupt displacement of
vortices in superconductors, where their dissipative mo-
tion can trigger thermomagnetic avalanches [1–4]. Such
avalanche activity is in general highly unwanted in practi-
cal applications of superconductors. However, its origin,
which lies in the competition between intervortex inter-
actions and quenched disorder, makes vortex matter an
interesting system for studies of non-equilibrium dynam-
ics.
Power laws in avalanche size, avalanche duration and
temporal power spectra, together with finite-size scaling,
are often interpreted as manifestations of self-organized
criticality (SOC). This framework was originally devel-
oped from studies of a cellular automaton model of a
sandpile [5]. Although SOC seems to capture basic as-
pects of sandpile physics, both particle rolling and in-
ertial effects tend to create system-spanning avalanches,
which introduce cutoffs in the power-law probability dis-
tributions already after approximately one decade [1].
Such cutoffs are seen also in results obtained by numerical
simulations [6]. In contrast, studies of piles of rice grains
have demonstrated power-law probability behaviour over
nearly four decades [7–9]. This increase was explained to
be a result of rice grains having elongated shapes, and
2also being lighter, thus reducing both rolling and inertial
effects.
In type-II superconductors an applied magnetic field is
penetrating the material in the form of vortices. These
flux lines have zero inertia and each carries one quantum
of magnetic flux, Φ0 = h/2e. Here, h is Planck’s constant
and e the elementary charge. Moreover, also rolling ef-
fects are here nonexistent. Thus, the vortex matter repre-
sents a highly favourable system for studies of avalanche
dynamics and SOC.
The vortices are affected by the Lorentz force from elec-
trical currents flowing in the superconductor. However,
this force can be counterbalanced by forces from micro-
scopic material defects, which then serve as pinning sites
for the vortex motion. Thus, in a slab geometry, vortices
build up a metastable state [10] with a density profile
quite analogous to the shape of a sandpile [11]. Just as
a sandpile with constant slope is uniquely characterized
by its angle of repose, the flux pile in a slab geometry
has a constant flux density gradient, which by a Maxwell
equation implies an electrical current flow of constant
magnitude, the so-called critical current density, jc. For
thin films in perpendicular magnetic fields, the analogy
is less obvious, [12, 13] since there the flux density gra-
dient is not constant, although the critical state is still
characterized by jc.
Flux avalanches have been reported to occur in a wide
variety of superconductors including Nb, Pb, Nb3Sn,
NbN, MgB2, YNi2B2C, MoGe, MoSi and YBa2Cu3O7−δ
(YBCO) [14–26]. The avalanches may be of thermomag-
netic origin [27], or be caused by dynamically driven vor-
tex rearrangements [3, 25]. Both kinds of avalanches
can occur in the same sample [28, 29]. There is ex-
tensive experimental and numerical evidence that under
some conditions, quantities measuring the size of dynam-
ically driven vortex avalanches are distributed accord-
ing to power-laws, and may also exibit finite-size scaling
[3, 24, 25, 30, 32]. For a recent review of SOC exper-
iments in granular media and superconductors, see ref.
[33].
In the present work, quantitative magneto-optical
imaging (MOI) was used to measure the probability dis-
tributions of avalanche size in terms of number of vor-
tices involved in two YBCO films deposited on tilted
substrates with different tilt angles. It is shown that
the distributions of avalanche size in terms of number of
vortices follow power-laws. Moreover, for both samples,
these distributions obey finite-size scaling. The avalanche
size exponent and the fractal dimension are experimen-
tally found to satisfy a scaling relation.
II. EXPERIMENTAL
When YBCO is deposited epitaxially on slightly tilted
(vicinal) substrates, planar defects in the form of anti-
phase boundaries are introduced with a period of 2-5
nm [34]. For tilt angles of θ ≈ 10◦, grain alignment
and current-carrying abilities of such films are improved,
thus making them interesting for applications [34, 35].
Such films have also potential use in Josephson junction
circuits [36–38]. YBCO films on tilted substrates have
also other extended planar defects due to lattice mis-
match. This results in anisotropic flux penetration and
different critical current densities in the directions par-
allel, and perpendicular to these defects. The extended
defects facilitate easy vortex motion [34, 35, 39], and at
low temperatures, the flux penetration becomes strongly
quasi-one-dimensional by forming straight narrow chan-
nels.
For the present work, one film shaped as a strip of 0.9
mm width was deposited by laser ablation on a NdGaO3
substrate with a tilt angle θ = 14 ◦. Another film shaped
as a square of side 4 mm was deposited by spin coating on
a LaAlO3 substrate with a tilt angle of θ = 20
◦. Both
films are 200 nm thick and have critical temperatures,
Tc’s, of 88 K and 90 K, respectively. For more sample
preparation details, see [38] and [40], respectively. The
θ = 20 ◦ sample was prepared like “sample B” in ref. [40].
The samples described above have different jc’s, and
thus, slightly different experimental procedures were ap-
plied to investigate their flux dynamics. All the samples
were initially zero-field-cooled (zfc) to T = 4 K.
The 14 ◦-sample was then subjected to a field ramp to
Ba = 17.0 mT in equal 400 steps. The 20
◦-sample was
subjected to a field ramp to Ba = 8.5 mT in 200 steps,
thus, the same step ∆Ba = 42.5 µT was used for both
samples. At each new field, 5 magneto-optical images
were recorded, after waiting 5 seconds for the vortex mat-
ter to relax. Subsequently, all groups of 5 images were
averaged in order to reduce noise.
Before starting a new field ramp, Ba was set to zero,
and the temperature raised above Tc to recreate a virgin
state. In total, image series from 10 ramps were col-
lected for the 14 ◦-sample, and from 20 ramps for the
20 ◦-sample.
MOI was performed using an in-plane magnetized
ferrite-garnet film as Faraday rotating sensor [41, 42].
This technique allows real-time visualization of flux dis-
tributions in superconductors, and allows high spatial
(µm) and temporal (picosecond) resolution. Moreover,
by MOI the entire flux pile can be observed, and thus,
the statistics of internal avalanches and their morphology
be characterized in great detail. The Faraday-rotating
sensor film has a non-linear response to magnetic field
and the lamp illumination in the setup is not fully uni-
form. Thus, to calibrate the image series, an additional
field ramp from zero to 17.0 mT was performed at a tem-
perature a few degrees above Tc. This allowed us to cal-
ibrate the magneto-optical response of the system, the
measured raw light intensity I(x, y) was fitted by a poly-
nomial in Ba(x, y) for every pixel of the CCD chip of the
camera.
3FIG. 1. (a) Magneto-optical image of flux penetration in the
14 ◦-sample at T = 4 K and Ba = 15.0 mT. (b) Differential
image at the same temperature and field as in (a) with ∆Ba =
42.5 µT. An avalanche of length 170 µm and size 1280 Φ0 is
marked with the red box. All scale bars are 150 µm long.
III. RESULTS
Presented in Fig. 1 (a) is a magneto-optical image of
the flux density distribution near the long edge of the
14 ◦-sample at T = 4 K. The edge itself is seen here as
the bright horizontal line, since the external magnetic
field piles up along the rim of the diamagnetic sample.
One sees here a filamentary pattern of easy flux penetra-
tion. This pattern is due to reduced pinning along the
extended defects in the superconducting sample caused
by the substrate tilt.
At low temperatures, flux penetration in both sam-
ples is strongly intermittent in the form of quasi-1D
avalanches along the “channels”. Seen in Fig. 1 (b) is a
differential image obtained by subtracting the image in
panel (a) from the next image in the series recorded dur-
ing the field ramp. Thus, it shows the change in the flux
penetration pattern after increasing the applied field by
∆Ba. The differential image reveals that the flux pen-
etration progresses in the form of quasi-one-dimensional
avalanches along channels.
To analyze the avalanche activity, a computer program
was used to extract quantitative parameters character-
izing the statistical distribution of individual avalanche
events. For that, the collected series of differential im-
ages were segmented into 10 intervals of Ba. This gives
40 differential images for the 14 ◦-sample, and 20 differ-
ential images for the 20 ◦-sample. In each interval, prob-
ability distributions of avalanche size in terms of mag-
netic flux were extracted. For both samples, a total of
400 differential images per series were available for sta-
tistical analysis. To ensure that a proper critical state
was formed before the measurements, the first 120 im-
ages were discarded for the 14 ◦-sample and the first 80
for the 20 ◦-sample in every ramp.
In the differential images, a threshold value of im-
age brightness was used to separate flux avalanches from
background. Then, a median filter was applied to remove
noise. The same threshold brightness and median filter
were used for both samples, resulting in directly compa-
rable probability distributions for the avalanche size in
terms of amount of magnetic flux. The avalanche size is
from now on defined as the number of vortices involved
in a given avalanche event. This number was obtained by
dividing the amount of flux in the avalanche by the flux
quantum Φ0 = 2.07 · 10
−15 Wb. The absolute frequen-
cies of these parameters were binned in histograms, and
each bin was subsequently divided by the total number
of identified avalanches to yield probability distributions.
The probability distribution of avalanche size for the
14 ◦-sample is shown in Fig. 2, while the corresponding
distribution for the 20 ◦-sample is presented in Fig. 3.
The different colour-coded graphs correspond to different
intervals of Ba, as indicated in the figures. Power-law be-
haviour in the avalanche size distribution is visible over
about three decades for both samples. However, power-
law behaviour is more clearly visible in Fig. 2 than in
Fig. 3. The smallest avalanches included in these data
consist of about 10 vortices, whereas the largest are re-
arrangements of 10000 vortices or more.
IV. DATA ANALYSIS
The distributions shown in Figs. 2 and 3 look like
approximate power-laws with cutoffs in the system size
L. Here, L is the penetration depth of the flux front
at the applied field halfway between the start and end
values of the intervals of Ba. The penetration depth L is
manually measured from the recorded images.
We will now investigate in more detail whether func-
tions on the form of power-laws with cutoffs P(s, L) can
describe the observed behaviour of the distributions of
avalanche size s. Consider therefore functions of the form
P(s, L) ∝ s−τ f
( s
LD
)
. (1)
Here, τ is the avalanche exponent for the size distri-
bution. The scaling function f is constant up to a cutoff
scale and thereafter falls off as a function of s/LD. In
order to check whether the distributions obey finite-size
scaling, we start by rearranging Eqs. 1, so that f is
isolated on the right-hand side. E.g., we plot sτP(s, L)
against s/LD to investigate the functional form of f . If
the distributions now collapse onto one curve when this
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FIG. 2. Probability distributions of avalanche size s in the
14 ◦-sample.
is done for all the intervals of Ba, finite-size scaling is
present. Moreover, the better the curve collapse, the
more exact is the scaling [24].
Furthermore, the avalanche exponent and fractal di-
mension are determined by adjusting them until optimal
curve collapse is obtained. A plateau will appear in the
collapsed curves when the avalanche exponent is opti-
mally chosen. The plateau corresponds to the power-law
region between the lower and upper cutoffs in the dis-
tributions. The fractal dimension, on the other hand,
is obtained by adjustment until the upper cutoffs in the
distributions are best aligned. This was done for both
probability distributions measured in this work, and the
results are summarized in Table I.
TABLE I. Avalanche exponents τ and fractal dimensions D.
Sample Avalanche exponent Fractal dimension
14 ◦ 1.30 (±0.03) 1.43 (±0.08)
20 ◦ 1.06 (±0.03) 1.40 (±0.10)
Shown in Figs. 4 - 5 are curve collapses of the distri-
butions in Figs. 2 - 3, respectively. Both curve collapses
show expected deviations from power-law behaviour and
scaling near the lower cutoff. It is clear from Figs. 4 -
5 that finite-size scaling is more pronounced in the data
from the 14 ◦-sample than for the 20 ◦-sample.
We now proceed to the central result of the present
work, namely, the experimental verification of the scaling
relation Eq. 2
D(2− τ) = 1 (2)
This equation was derived from the conservation of the
number of magnetic vortices in the stationary state in
[30], and also shown in numerical simulations in the same
work. It has later also been demonstrated numerically in
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FIG. 3. Probability distributions of avalanche size s in the
20 ◦-sample.
ref. [31]. A statement on its validity in the experimental
context of the present work is given in [43].
Consider now the correspondence between the exper-
imentally obtained values in Table I and the scaling re-
lation, Eq. 2. For the 14 ◦-sample, good curve collapses
are obtained with D in the range 1.35 to 1.51 and with τ
in the range 1.27 to 1.33. Inserting these values of D and
τ in Eq. 2 shows that Eq. 2 is experimentally satisfied
within 10 %.
The analysis was repeated for the 20 ◦-sample, where
the result is D(2 − τ) in the range 1.18 to 1.46. The
reduced agreement here with Eq. 2 is most likely be-
cause this avalanche size distribution shows deviations
from a pure power-law, which is a prerequisite for ob-
taining Eq. 2.
V. DISCUSSION
From the above analysis, it is clear that in both
samples, the probability distributions of avalanche size
demonstrate power-law behaviour and finite-size scaling
consistent with SOC. The distributions show these be-
haviours over two to nearly three decades. However, the
power-laws and scaling is more evident in the 14 ◦-sample
than in the 20 ◦-sample. Molecular dynamics simulations
have shown a similar breakdown to “dirty power-laws”
when length scales, in addition to the system size, are
introduced by low density of pinning sites and the result-
ing formation of “vortex rivers” [44]. However, determi-
nation of the precise origin of the deviations is beyond
the scope of this work.
Similar results obtaind by MOI are presented in the
work [24], reporting τ = 1.29±0.02 and D = 1.89±0.03,
and [32], where it was found that τ = 1.07 ± 0.02 and
D = 2.25± 0.05. The obtained avalanche size exponents
are in the same range as those found in the present work,
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FIG. 5. Finite-size scaling of avalanche size probability dis-
tributions P(s,L) in the 20 ◦-sample.
but the obtained fractal dimensions differ considerably.
The experiment of Field et al. [45], utilizing a hollow-
cylinder geometry, found avalanche size exponents in the
range τ = 1.4 − 2.2. However, the exponents found in
such off-edge avalanches are not necessarily directly com-
parable with internal avalanches [33], which are the type
considered in the present work. Exponents differing con-
siderably from those observed in the present work were
found in [29] with τ = 2.05 and [46] with τ = 3.0. How-
ever, those experiments had single-vortex resolution and
probed a different range of the probability distribution
functions than that covered by MOI experiments.
Molecular dynamics simulations [44] gave an exponent
in the range of τ = 0.9− 1.4 for the number of displaced
vortices (avalanche size) in systems with high pinning
density. The exponent was found to increase with higher
pinning strength. The avalanche size exponents found in
the present work are also not very different from those ob-
tained from simulations of the Bassler-Paczuski model, a
cellular automaton for 2D flux penetration [30]. The orig-
inal work by Bassler and Paczuski gave τ = 1.63 ± 0.02
and D = 2.75 ± 0.1. A newer work by Cruz et. al. [31]
on a variation of this model with strong, periodic and
densely spaced pinning sites resulted in τ = 1.45 ± 0.02
and D = 2.2±0.1. The Bassler-Paczuski model shows ro-
bust SOC behaviour over four decades for a variety of dif-
ferent parameters in the pinning landscape [30, 31]. How-
ever, both the molecular dynamics simulations and the
cellular automata models assume short-ranged vortex-
vortex interactions for the bulk case, whereas in thin
films the vortex-vortex interactions fall off as 1/r, and
probably lead to results in a different universality class.
Note that the exponent and fractal dimension from the
work of [30] is in excellent agreement with Eq. 2. More-
over, the agreement is also quite good when the exponent
and fractal dimension from the work of Cruz et. al. [31]
is used.
VI. CONCLUSIONS
In summary, the probability distributions of flux
avalanches were measured by quantitative MOI for two
YBCO samples deposited on substrates cut with tilt
angles of 14 ◦ and 20 ◦. Probability distributions of
avalanche size in terms of numbers of vortices were ex-
tracted from the data. These distributions follow approx-
imate power-laws over up to three decades, and demon-
strate finite-size scaling. Avalanche exponents and frac-
tal dimensions were obtained by careful inspection of
the finite-size scaling curves. The obtained exponents
are between 1.0 and 1.4, and the avalanche size expo-
nents determined in this work are similar to those that
has been found in other MOI experiments on supercon-
ductors, molecular dynamics simulations and cellular au-
tomata models. The scaling relation D(2 − τ) = 1 be-
tween the avalanche size exponent and the fractal dimen-
sion, previously derived theoretically from conservation
of the number of magnetic vortices in the stationary state
and shown to be satisfied in numerical simulations, was
also experimentally proven with an accuracy of 10% for
the 14 ◦ sample.
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